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This paper  develops  the  OPUS  (Optimization  by  Particle  swarm  Using  Surrogates)  framework  for  expensive
black-box  optimization.  In  each  iteration,  OPUS  considers  multiple  trial  positions  for  each  particle  in  the
swarm and  uses  a surrogate  model  to identify  the  most  promising  trial position.  Moreover,  the current
overall  best  position  is  refined  by finding  the  global  minimum  of  the  surrogate  in  the  neighborhood  of that
position.  OPUS  is  implemented  using  an  RBF  surrogate  and  the  resulting  OPUS-RBF  algorithm  is  applied
to  a 36-D  groundwater  bioremediation  problem,  a 14-D  watershed  calibration  problem,  and  ten  mostly
eywords:
article swarm optimization
urrogate model
adial basis function
xpensive function

30-D  test  problems.  OPUS-RBF  is  compared  with  a  standard  PSO,  CMA-ES,  two other  surrogate-assisted
PSO  algorithms,  and  an  RBF-assisted  evolution  strategy.  The  numerical  results  suggest  that  OPUS-RBF  is
promising  for  expensive  black-box  optimization.
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. Introduction

Particle swarm optimization (PSO) is among the most popular
lack-box optimization methods. It is a numerical algorithm that
imulates the behavior of a swarm of agents or particles, such as

 flock of birds or a school of fish, as they collectively attempt
o find some optimal state. PSO has been shown to be effective
n a wide variety of practical optimization applications and this
aper extends its usefulness to computationally expensive black-
ox optimization problems.

The focus of this paper is on the bound constrained, computa-
ionally expensive black-box optimization problem:

min  f (x)

s.t.

x ∈ R
d, a ≤ x ≤ b,

(1)

here f is a black-box function whose value at an input is typi-
ally obtained from a computationally expensive but deterministic
omputer simulation and a, b ∈ R

d are the bounds on the input
ariables. Here, computationally expensive means that evaluating
he objective function is time consuming and completely dom-

nates the cost of the entire optimization process. Moreover,
lack-box means that analytical expressions for the objective or
onstraint functions are not available. In addition, in many practical

∗ Tel.: +1 6106601514.
E-mail address: rregis@sju.edu

877-7503/$ – see front matter © 2013 Elsevier B.V. All rights reserved.
ttp://dx.doi.org/10.1016/j.jocs.2013.07.004
applications, the derivatives of the objective and constraint func-
tions are not explicitly available.

When objective or constraint functions are computationally
expensive, a standard PSO approach might not be suitable because
it uses many function evaluations. This paper develops a new
surrogate-based approach, called OPUS (Optimization by Particle
swarm Using Surrogates), that can accelerate the convergence of
PSO and reduce the number of function evaluations in the opti-
mization process. The main idea in OPUS is to consider multiple
trial velocities resulting in multiple trial positions for each particle
that are then screened by a surrogate model to identify which trial
position is most promising for each particle. Moreover, the current
overall best position visited by any particle is refined by finding the
global minimum of the surrogate within the neighborhood of that
position. To maximize the use of information from previously eval-
uated positions, the surrogate model is always updated at the end of
each iteration. In the numerical experiments, the proposed OPUS
method is implemented using a cubic radial basis function (RBF)
surrogate augmented by a linear polynomial tail. The resulting
OPUS-RBF algorithm is applied to a 36-D groundwater bioremedi-
ation problem, a 14-D watershed calibration problem, and ten test
problems with at least 30 dimensions. It is compared with alter-
native optimization methods, including a standard PSO method,
an evolution strategy with covariance matrix adaptation (CMA-ES)
[10], two  other surrogate-assisted PSO algorithms developed by

Parno et al. [19] and by Praveen and Duvigneau [22], and an RBF-
assisted evolution strategy [25]. The results show that OPUS-RBF
either outperforms or compares favorably with these alternative
methods on the problems considered.

dx.doi.org/10.1016/j.jocs.2013.07.004
http://www.sciencedirect.com/science/journal/18777503
http://www.elsevier.com/locate/jocs
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The rest of this paper is organized as follows. Section 2 provides
 brief review of literature. Section 3 gives a brief description of
 standard particle swarm optimization algorithm while Section

 provides a detailed description of a surrogate-assisted particle
warm optimization method. Sections 5 and 6 cover the numerical
xperiments and results and discussion. Finally, Section 7 provides

 summary of the paper.

. Review of literature

Particle swarm optimization (PSO) was first proposed by
ennedy and Eberhart [15] and it is now among the most popu-

ar methods for black-box optimization. Many variants of PSO have
een proposed and applied to a wide variety of problems. Some of
hese variants can be found in the surveys by Poli et al. [20] or Banks
t al. [2,3]. More recently, Ismail and Engelbrecht [14] proposed a
elf-adaptive PSO where the control parameters of the algorithm
re optimized in a secondary swarm. Qu et al. [23] integrated a
ocal search technique with a PSO to facilitate the search for mul-
iple global or local optima. Wei  et al. [30] developed an improved
SO where part of the population remains at a stable level while the
est uses harmony search. Akbari and Ziarati [1] proposed a rank
ased PSO where some of the best particles are used to update the
osition of a candidate particle. In addition, PSO has been modified
o handle constraints (e.g., [12,13,18,28]).

Like most metaheuristics, PSO typically uses a large number of
unction evaluations so a standard implementation might not be
uitable when function evaluations are computationally expensive.
o deal with this issue, a natural approach is to use a surrogate
odel or metamodel to reduce the number of function evalua-

ions required to obtain a relatively good solution in many practical
roblems. While surrogates have been used to assist evolution-
ry algorithms, they have been rarely used to assist PSO methods.
or example, [22] used a radial basis function (RBF) metamodel to
educe the cost of PSO in two 20-D aerodynamic shape optimiza-
ion problems. Parno et al. [19] used a DACE surrogate to improve
he efficiency of PSO for simulation-based problems and applied it
o a 6-D groundwater management problem and to several 2-D test
roblems. Tang et al. [27] used a hybrid surrogate model consisting
f a quadratic polynomial and an RBF model to develop a surrogate-
ased PSO method and applied it to mostly low-dimensional
est problems and engineering design problems. The surrogate-
ssisted PSO approach proposed in this paper is very different from
hese other approaches and it is applied to higher dimensional
roblems.

. A standard particle swarm optimization method

Below is a standard PSO algorithm that mostly follows the nota-
ion in [29]. In every iteration of PSO, each particle is represented
s a point in the search space with an associated velocity vector.
his velocity vector is updated by using a linear combination of the
elocity in the previous iteration, the direction of the best position
o far of the particle, and the direction of the best position so far of
ny of the particles. The weights for the last two components of this
inear combination are allowed to vary randomly from iteration to
llow for the exploration of the search space.

In the algorithm below, x(i)(t) represents the position of par-
icle i, where i = 1, . . .,  s, during time t and x(i)

j
(t) represents the

th coordinate or component of x(i)(t), where j = 1, . . .,  d. That is,
(i) (i) (i) (i) (i)
(t) = (x1 (t), x2 (t), . . .,  x

d
(t)). Moreover, y (t) is the best posi-

ion visited by particle i while ŷ(t) is the best position visited by any
f the particles up to time t. Here, only discrete time periods t = 0,
, 2, . . . are considered.
nal Science 5 (2014) 12–23 13

Particle swarm optimization (PSO):

Inputs:

(1) Function to minimize: f : [a, b] → R, where [a, b] ⊆ R
d

(2) Population size: s
(3) Initial swarm positions: x(1)(0), . . .,  x(s)(0) ∈ [a, b]
(4) Inertial weighting factor for each iteration: i(t), where t is the

iteration number
(5) Cognition parameter: �
(6) Social parameter: �
(7) Minimum and maximum velocities: vmin and vmax

(8) Maximum iterations: Tmax

Output: The best point found by the algorithm.

Step 1. (Evaluate initial swarm positions)  For each i = 1, . . .,  s, cal-
culate f(x(i)(0)).

Step 2. (Determine initial particle velocities)
For i = 1, . . .,  s,

(2a) Generate u(i) uniformly at random on [a, b].
(2b) Set v(i)(0) = 1

2 (u(i) − x(i)(0)).
End for.

Step 3. (Initialize best position for each particle and overall best)
Set y(i)(0) = x(i)(0), i = 1, . . .,  s, and let ŷ(0) be the point in
{y(1)(0), . . .,  y(s)(0)}  with the minimum value of f. (Choose
the point with the smallest superscript in case of ties.) Set
the iteration counter t = 0.

Step 4. (Update particle velocities)
For i = 1, . . .,  s

For j = 1, . . .,  d
v(i)

j
(t + 1) = i(t)v(i)

j
(t) + �ω(i)

1,j
(t)(y(i)

j
(t) − x(i)

j
(t)) + �ω(i)

2,j
(t)(ŷj(t) − x(i)

j
(t))

where ω(i)
1,j

(t), ω(i)
2,j

(t)∼U[0, 1]

v(i)
j

(t + 1) = min(max(vmin, v(i)
j

(t + 1)),  vmax)
End for.

End for.

Step 5. (Update particle positions)
For i = 1, . . .,  s

x(i)(t + 1) = x(i)(t) + v(i)(t + 1)
x(i)(t + 1) = proj[a,b](x(i)(t + 1)) = min(max(a, x(i)(t + 1)), b), where the min
and max  are calculated componentwise.

End for.
Step 6. (Evaluate swarm positions)  For each i = 1, . . .,  s, calculate

f(x(i)(t + 1)).
Step 7. (Update best position for each particle and overall best)

Set ŷ(t + 1) = ŷ(t).
For i = 1, . . .,  s

If  f(x(i)(t + 1)) < f(y(i)(t + 1)), then
Set y(i)(t + 1) = x(i)(t + 1).
If  f (y(i)(t + 1)) < f (ŷ(t + 1)), then ŷ(t + 1) = y(i)(t + 1).

Else
Set  y(i)(t + 1) = y(i)(t).

End if.
End for.

Step 8. (Check termination condition)  If t < Tmax, then reset t = t + 1
and go back to Step 4. Else, STOP.

The above PSO algorithm begins with Step 1 where the objective
function is evaluated at the initial swarm positions, which are typ-
ically chosen uniformly at random in the search space [a, b]. Step 2
determines the initial particle velocities using the half-diff method
recommended in [11]. Step 3 initializes the best position for each
particle to be the initial position and then it initializes the overall
best position for any particle. Step 4 updates the particle velocities

while ensuring that they are within the minimum and maximum
velocities. Step 5 moves the particles into their new positions. To
ensure that the particles remain within the search space, they are
projected into the bounds if they leave the search space. In Step
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, the objective function is evaluated at the new positions of the
articles. Then, in Step 7, the best position for each particle and the
verall best position are all updated. Finally, in Step 8, the algorithm
oes back to Step 4 if the termination condition has not been met.
therwise, the algorithm stops and the overall best position of any
article is returned.

. A new surrogate-assisted particle swarm optimization
ethod

.1. Overview of the proposed method

Surrogate models or metamodels have been used to assist par-
icle swarm. In [22], an RBF metamodel is used in conjunction with
SO to reduce the cost of aerodynamic shape optimization prob-
ems. The basic idea in [22] is to use the expensive function to
valuate particle positions for a specified number of iterations at the
eginning. Then, in subsequent iterations, an RBF model is used to
re-screen particles, identify a fraction of the particles that are most
romising, and evaluate the expensive objective function at the
ositions of these particles only. Two main pre-screening strate-
ies are used. In one strategy, the particles are ranked according
o their predicted objective function values according to the meta-

odel and then a specified fraction of the best particles are selected.
n the other more adaptive strategy, a particle is selected only if the

etamodel predicts that the current position of this particle will
mprove its best position. Furthermore, the best position visited by

 particle and the overall best position are updated using only the
xact function values.

A different surrogate-assisted PSO was proposed by Parno et al.
19] where a DACE surrogate was used with PSO and applied to

 6-D groundwater management problem and to several 2-D test
roblems. In [19], an approximate global minimizer of the DACE
urrogate is used in place of the overall best position visited by any
f the particles if the actual objective function value at the approx-
mate minimizer of the surrogate is better than the overall best
unction value obtained by the particles. A similar approach was
sed by Tang et al. [27] but using a hybrid surrogate model consist-

ng of a quadratic polynomial and an RBF model instead of a DACE
urrogate. Consequently, the method in [27] requires (d + 1)(d + 2)/2
ata points before a surrogate model is constructed.

This paper develops a new surrogate-assisted PSO framework
alled OPUS (Optimization by Particle swarm Using Surrogates) that
s different from the approaches mentioned above. The basic idea is
o consider multiple trial velocities resulting in multiple trial pos-
tions for each particle in each iteration. The surrogate is updated in
very iteration and, for each particle, it is used to identify the most
romising among the trial positions for this particle. Each parti-
le is then moved only to the most promising trial position and
he expensive function is then evaluated at these new positions.
he idea of selecting only the most promising trial position from
ultiple trial positions for each particle is similar to the one used

n the surrogate-assisted evolutionary programming algorithm by
egis [24] where only the most promising offspring is selected

rom multiple trial offspring from each parent solution. In addition,
he algorithm refines the current overall best position by finding a
lobal minimizer of the updated surrogate within a relatively small
ox around that position. This minimizer of the surrogate is referred
o as a local refinement point if it is not too close to a previously
valuated point. The expensive function is then evaluated at this
oint. Hence, the proposed OPUS method is essentially an acceler-

ted PSO with the surrogate guiding where each particle should go
nd helping to refine the current overall best position.

The proposed OPUS framework is expected to perform better
han the other surrogate-assisted approaches because it exploits
nal Science 5 (2014) 12–23

the surrogate better and more thoroughly when selecting the new
positions of the particles in the swarm (i.e., the function evalua-
tion points) and this leads to faster improvement in the current
best solution. In particular, the proposed OPUS approach considers
many more trial positions that are pre-screened by the surrogate
than the algorithm by Praveen and Duvigneau [22] and it performs
the same number of function evaluations (equal to the popula-
tion size s) in every iteration. In [22], the expensive function is
only evaluated on a subset of the new particles, which uses <s
function evaluations. By using the surrogate to pre-screen a much
larger set of trial positions, the chance of obtaining a better point is
improved.

Moreover, unlike the approaches in [19] and [27], the proposed
OPUS framework does not attempt to find a global minimizer of
the surrogate over the entire search space. Instead, OPUS finds
the global minimizer of the surrogate in a neighborhood around
the current overall best position in order to improve that position.
For high-dimensional problems, the surrogate is not expected to
provide an accurate global approximation of the black-box func-
tion especially when the surface of that function is complex and
relatively few data points are available. Because of this, the global
minimizer of the surrogate over the entire search space might be
very far from the true global minimizer of the function when the
dimension is high. However, the surrogate can point to potential
directions of improvement especially in the neighborhood of pre-
viously visited points. By limiting the global minimization search
on the surrogate over a smaller region in the neighborhood of
the current overall best position, as is done by model-based trust-
region algorithms, the chances of getting an improvement is also
increased.

In addition, the surrogate used in this study (a cubic RBF
with a linear polynomial tail) only requires d + 1 points to fit
instead of the (d + 1)(d + 2)/2 points required by the hybrid surro-
gate in [27]. This enables the algorithm to make progress much
earlier in the search especially on high dimensional problems.
Finally, OPUS is applied to problems with much higher dimen-
sions than the ones used in all these previous surrogate-based
approaches.

4.2. Algorithmic framework

Below is a description of the OPUS framework for PSO using
surrogates. The notation is the same as in Section 3 with a few
additions. In this framework, v(i,�)(t) and x(i,�)(t) are the �th trial
velocity and �th trial position, respectively, for particle i during
time t.

Optimization by particle swarm using surrogates (OPUS):

Inputs:

(1) Function to minimize: f : [a, b] → R, where [a, b] ⊆ R
d

(2) Population size: s
(3) Space-filling design: {z(1), . . .,  z(k)} ⊆ [a, b] with k ≥ s (e.g., a

Latin hypercube design)
(4) Cognition parameter: �
(5) Social parameter: �
(6) Minimum and maximum velocities: vmin and vmax

(7) Number of trial positions for each particle: r
(8) Surrogate model (e.g., cubic RBF with linear polynomial tail)
(9) Side length of the box for local refinement: �

(10) Optimization solver for local refinement (e.g., multistart

implementation of Matlab’s Fmincon solver)

(11) Threshold distance for determining if one point is too close to
another point: ı

(12) Maximum iterations: Tmax
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utput: The best point found by the algorithm.

Step 1. (Evaluate points of space-filling design) For i = 1, . . .,  k,
calculate f(z(i)).

Step 2. (Determine initial swarm positions)  Choose initial
swarm positions x(1)(0), . . .,  x(s)(0) to be the s points from
{z(1), . . .,  z(k)} with the best function values.

Step 3. (Determine initial particle velocities)
For i = 1, . . .,  s,

(3a) Generate u(i) uniformly at random on [a, b].
(3b) Set v(i)(0) = 1

2 (u(i) − x(i)(0)).
End for.

Step 4. (Initialize best position for each particle and overall
best) Set y(i)(0) = x(i)(0), i = 1, . . .,  s, and let ŷ(0) be the
point in {y(1)(0), . . .,  y(s)(0)} with the minimum value of f.
(Choose the point with the smallest superscript in case of
ties.) Also, set E0 = ∅ and t = 0.

Step 5. (Fit surrogate) Use all previously evaluated points(⋃t
j=0

⋃s
i=1{x(i)(j)}

)⋃
Et to build a surrogate model st(x)

for the objective function. (See Section 4.3)
Step 6. (Determine new particle positions)

For i = 1, . . .,  s
6(a) For �=1, . . .,  r

(i) (Generate trial velocities) For j = 1, . . .,  d
v(i,�)

j
(t + 1) =
i(t)v(i)

j
(t) + �ω(i,�)

1,j
(t)(y(i)

j
(t) − x(i)

j
(t)) + �ω(i,�)

2,j
(t)(ŷj(t) − x(i)

j
(t)),

where ω(i,�)
1,j

(t), ω(i,�)
2,j

(t)∼U[0, 1]

v(i,�)
j

(t + 1) = min(max(vmin, v(i,�)
j

(t + 1)), vmax)
End for.
(ii) (Generate trial positions) x(i,�)(t + 1) = x(i)(t) + v(i,�)(t + 1)
(iii) (Project trial positions onto bounds)

x(i,�)(t + 1) = proj[a,b](x(i,�)(t + 1))
End for.
6(b) (Select promising position using surrogate) Use the surrogate

model st(x) to select the most promising trial position for particle i
among the points {x(i,1)(t + 1), x(i,2)(t + 1), . . .,  x(i,r)(t + 1)}. Let x(i)(t + 1) be
the  most promising trial position and let v(i)(t + 1) be the associated
trial velocity.
End.

Step 7. (Evaluate swarm positions)  For each i = 1, . . .,  s, calculate
f(x(i)(t + 1)).

Step 8. (Update best position for each particle and overall best)
Set ŷ(t + 1) = ŷ(t).
For i = 1, . . .,  s

If  f(x(i)(t + 1)) < f(y(i)(t + 1)), then
Set y(i)(t + 1) = x(i)(t + 1).
If  f (y(i)(t + 1)) < f (ŷ(t + 1)), then ŷ(t + 1) = y(i)(t + 1).

Else
Set y(i)(t + 1) = y(i)(t).

End if.
End for.

Step 9. (Refit surrogate)  Use all previously evaluated points(⋃t+1
j=0

⋃s
i=1{x(i)(j)}

)⋃
Et to build a new surrogate model

s̃t(x) for the objective function. (See Section 4.3)
tep 10. (Perform local refinement of overall best position) Use

the optimization solver for local refinement to find a
global minimizer x∗

t+1 of the surrogate s̃t(x) within the box
[ŷ(t + 1) − �/2, ŷ(t + 1) + �/2]

⋂
[a, b].

tep 11. (Determine if minimizer of surrogate is far from previ-
ous points)
If x∗

t+1 is at least of distance ı from all previously evaluated points, then
do
(11a) (Evaluate minimizer of surrogate) Calculate f (x∗

t+1).
(11b) (Update overall best position) If f (x∗

t+1) < f (ŷ(t + 1)), then
∗
ŷ(t  + 1) = x
t+1.

(11c) (Update local refinement points) Set Et+1 = Et ∪ {x∗
t+1}.

Else
(11d) (Maintain local refinement points)  Set Et+1 = Et .

End if.
nal Science 5 (2014) 12–23 15

Step 12. (Check termination condition)  If t < Tmax, then reset
t = t + 1 and go back to Step 5. Else, STOP.

The OPUS framework begins by evaluating the points of the
given space-filling design (Step 1). Then the initial swarm positions
are selected to be the s points of the space-filling design with the
best function values (Step 2). Step 3 determines the initial parti-
cle velocities using the half-diff method [11]. In Step 4, the best
position for each particle is initially set to the starting position of
the particle. Moreover, the overall best position is initially set to be
the best among the starting positions in terms of objective function
value. In addition, the set of local refinement points E0 is initialized
to be the empty set.

Next, Step 5 fits a surrogate model st(x) for the objective func-
tion using all available data points from all positions visited by
any particle (given by

⋃t
j=0

⋃s
i=1{x(i)(j)}) and all local refinement

points (given by Et). Then Step 6 determines the new position of
each particle by first considering multiple trial velocities within
the velocity limits for that particle (Step 6(a)), generating the cor-
responding trial positions (Step 6(b)), projecting the trial positions
into the bounds in case they leave the search space (Step 6(c)), and
then using the surrogate to select the most promising among the
trial positions and then choosing this to be the new position of the
given particle (Step 6(d)). Once the new positions for the particles
have been determined, the objective function is then evaluated at
these positions (Step 7). Again, the best position for each particle
and the overall best position by any particle are updated (Step 8).

The algorithm then builds a new surrogate model s̃t(x) that
incorporates the newly evaluated points (Step 9) in preparation for
local refinement of the overall best point (Step 10). In this local
refinement step, an optimization solver is used to find a global
minimizer x∗

t+1 of the surrogate s̃t(x) within a box of side length
� centered at the current overall best point ŷ(t + 1). In the numer-
ical implementation, it is enough to find an approximate global
minimizer of the surrogate within this box. If the global minimizer
of the surrogate within the box (i.e., the local refinement point) is
not too close to any previously evaluated point (at least distance ı
from all previously evaluated points), then the objective function
is evaluated at this local refinement point (Step 11(a)), the overall
best position is updated (Step 11(b)), and the set of local refinement
points is also updated (Step 11(c)). Finally, the algorithm goes back
to Step 5 if the termination condition has not been satisfied. Oth-
erwise, the algorithm stops and returns the overall best position
found (Step 12).

4.3. A radial basis function model

The proposed method is implemented using the radial basis
function (RBF) surrogate model described in [5,21] and the resulting
algorithm is referred to as OPUS-RBF. This RBF model has been used
in various surrogate-based optimization methods (e.g., [8,25]). The
procedure for fitting this model differs from the one typically used
for RBF networks in machine learning.

Given n distinct points u(1), . . .,  u(n) ∈ R
d and the function values

f(u(1)), . . .,  f(u(n)), the proposed OPUS-RBF uses an interpolant of the
form

s(x) =
n∑

i=1

�i�(‖x − u(i)‖) + p(x), x ∈ R
d,

where ‖· ‖ is the Euclidean norm, �i ∈ R  for i = 1, . . .,  n, p(x) is a lin-

ear polynomial in d variables, and � has the cubic form: �(r) = r3.
Other possible choices for � include the thin plate spline, multi-
quadric and Gaussian forms. We use a cubic RBF model because of
previous success with this model (e.g., [24,25]) Moreover, previous
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ork (e.g., [31]) suggest that cubic RBFs might be more suitable
han Gaussian RBFs for surrogate-based optimization.

To fit the above cubic RBF model, define the matrix 	 ∈ R
n×n

y: 	ij : = �(‖ u(i) − u(j) ‖), i, j = 1, . . .,  n. Also, define the matrix P ∈
n×(d+1) so that its ith row is [1,  (u(i))

T
]. Now, the cubic RBF model

hat interpolates the points (u(1), f(u(1))), . . .,  (u(n), f(u(n))) is obtained
y solving the system

	 P

PT 0(d+1)×(d+1)

)(
�

c

)
=
(

F

0d+1

)
, (2)

here 0(d+1)×(d+1) ∈ R
(d+1)×(d+1) is a matrix of zeros, F =

f (u(1)), . . .,  f (u(n)))
T
, 0d+1 ∈ R

d+1 is a vector of zeros, � =
�1, . . .,  �n)T ∈ R

n and c = (c1, . . .,  cd+1)T ∈ R
d+1 consists of the

oefficients for the linear polynomial p(x). The coefficient matrix
n (2) is invertible if and only if rank(P) = d + 1 [21]. This condition
s equivalent to having a subset of d + 1 affinely independent points
mong the points {u(1), . . .,  u(n)}. (A set of points y(0), y(1), . . .,  y(k) in
d are affinely independent if the displacements y(1) − y(0), y(2) − y(0),

 . .,  y(k) − y(0) are linearly independent.)

. Numerical experiments

.1. Management of groundwater bioremediation

The proposed OPUS-RBF algorithm is compared with alterna-
ive methods on a 36-D groundwater bioremediation problem
32]. Groundwater bioremediation is the process of promoting the
rowth of soil bacteria that can transform groundwater contami-
ants into harmless substances. This study uses the optimization

ormulation in [32], which considers a setup that pumps oxy-
enated water into the groundwater by means of injection wells
nd uses monitoring wells to measure contaminant concentra-
ions at specific locations. The optimization formulation uses a
-D finite element simulation model that describes groundwater
ow and changes in the concentrations of the contaminant, oxygen
nd biomass. The entire planning horizon is divided into manage-
ent periods and the goal is to determine the pumping rates for

ach injection well at the beginning of each management period
hat minimizes the total pumping cost subject to the constraints
hat the contaminant concentrations at the monitoring wells are
elow a certain threshold during specified time periods. In [32],
he constraints are incorporated into the total pumping cost objec-
ive function via a penalty term, resulting in a bound-constrained
lobal optimization problem.

More precisely, this study uses the hypothetical contaminated
quifer described in [32] whose characteristics are symmetric
bout a horizontal axis. The aquifer is discretized using a two-
imensional finite element mesh with 18 nodes in the horizontal
irection and 9 nodes in the vertical direction. There are 6 injection
ells and 84 monitoring wells that are also symmetrically arranged

o pumping decisions are only needed on the 3 injection wells on
ne side of the axis of symmetry. There are 12 management periods
where each management period is a month), giving 12 × 3 =36
ecision variables for the optimization problem. The decision vari-
bles are scaled so that the search space is [0, 1]36. This groundwater
ioremediation problem is referred to as GWB36.

This groundwater bioremediation model uses a relatively coarse
rid so its simulation time is only about 0.1 s on an Intel(R) Core(TM)
7 CPU 860 @ 2.8 GHz desktop. However, the above optimization

roblem is representative of more complex groundwater bioreme-
iation problems, whose simulation times can range from a few
inutes to many hours depending on the complexity of the model

nd the size of the region being modeled.
nal Science 5 (2014) 12–23

5.2. Calibration of a watershed simulation model

OPUS-RBF and alternative optimization methods are also
applied to a calibration (i.e., parameter estimation) problem for a
simulation model of the Town Brook watershed (37 km2), which
is inside the larger Cannonsville (1200 km2) watershed in upstate
New York. This problem is described in [26]. The Cannonsville reser-
voir supplies drinking water to New York City and the model was
created to assess the impact of changes in management practices
on phosphorous loads from the watershed into the reservoir. Phos-
phorous promotes the growth of algae, which can clog the water
supply. If the phosphorous levels become too high, New York City
would either have to abandon the water supply or build a filtra-
tion plant that costs billions of dollars. Hence, it would be better
to control the phosphorous at the watershed level than to build a
plant.

Part of the above analysis requires modeling the flow of water
in response to measured rainfall. This study considers the follow-
ing global optimization problem where the goal is to calibrate the
watershed model for flow against real measured flow data:

min  SSE(x) =
T∑

t=1

(Q meas
t − Q sim

t (x))
2
, s.t. 0 ≤ x ≤ 1.

Here, x is the vector of d = 14 model parameters that have been
scaled so that their values are between 0 and 1, Q meas

t and Q sim
t

are the measured and simulated flows on day t, respectively, and
T = 1096 is the total number of days in the calibration period. For a
complete description of these 14 model parameters, see [26]. Note
that this problem is a nonlinear least squares problem with 1096
residual functions. This 14-D optimization problem is referred to
as TownBrook14.

The simulation time for this example is only about 1.3 s on an
Intel(R) Core(TM) i7 CPU 860 @ 2.8 GHz desktop because it only
covers a relatively small region inside the Cannonsville Reservoir.
However, it is also representative of more complex watershed cal-
ibration problems whose simulation times can range from a few
seconds to several minutes depending on the size of the modeled
region and the length of time in the calibration period.

5.3. Test problems

OPUS-RBF is further compared with alternative methods on ten
test functions with at least 30 dimensions. Six of these test func-
tions are the 30-D versions of the Ackley, Rastrigin, Griewank,
Keane, Levy and Michalewicz functions that are well-known in
the engineering optimization community. The remaining four test
functions are the 30-D versions of the Extended Rosenbrock,
Trigonometric and Broyden Tridiagonal functions and the 32-D
version of the Extended Powell Singular function. These functions
are taken from the Moré et al. [16] test set that is well-known in
the mathematical programming community. The dimension of the
Extended Powell Singular is different from the others because it
must be multiple of 4. The first six test problems each have a large
number of local minima while the last four each have only one
local minimum. Note that most of the surrogate-based optimiza-
tion methods in the literature have only been applied to problems
with dimensions d < 15. Hence, the test problems in this study are
considered high-dimensional in this area. Table 1 summarizes the
characteristics of the test problems in this study.

The above test problems are not really computationally expen-
sive to evaluate and the different algorithms are compared by

pretending that these functions are expensive. This is accom-
plished below by keeping track of the best function values obtained
by the different algorithms as the number of function evalua-
tions increase. The relative performance of algorithms on the test
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Table  1
Test problems for the computational experiments.

Test function Dimensions Domain Global min  value

Ackley 30 [− 15, 20]d −20 − e
Rastrigin 30 [− 4, 5]d −d
Griewank 30 [− 500, 700]d 0
Keane 30 [1, 10]d <−0.39
Levy 30 [− 5, 5]30 <−11
Michalewicz 30 [0, 
]30 <−23
Extended Rosenbrock 30 [− 2, 2]d 0
Extended Powell Singular 32 [− 1, 3]d 0
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Trigonometric 30 [− 1, 3]d 0
Broyden Tridiagonal 30 [− 1, 1]d 0

roblems are expected to be similar to their relative performance
n truly expensive functions that have the same general shape as
hese test problems.

.4. Alternative methods and experimental setup

All computational runs are carried out in Matlab 7.11 on an
ntel(R) Core(TM) i7 CPU 860 @ 2.8 GHz desktop machine. The
PUS-RBF method is compared with various alternative meth-
ds on the groundwater bioremediation problem (GWB36), the
atershed calibration problem (TownBrook14) and the above test
roblems. Each method is run for 30 trials on all problems. The
lternatives include a standard particle swarm method as described
n Section 3, the well-known evolution strategy with covariance

atrix adaptation (CMA-ES) ([9,10]), an RBF-assisted evolution
trategy (ESGRBF) ([25,26]), and two other RBF-assisted PSO algo-
ithms that are described next.

One of the alternative RBF-assisted PSO methods is an imple-
entation of the surrogate-assisted PSO (sPSO) algorithm by Parno

t al. [19] that uses the same RBF surrogate in OPUS-RBF. This algo-
ithm is referred to as sPSO-RBF. The original sPSO algorithm in
19] uses the DACE kriging surrogate model but there is no pub-
icly available code for it. The implementation of sPSO in this study
ses RBF because the problems here have much higher dimen-
ions than those in [19] and it is well-known that kriging becomes
omputationally and memory intensive in high dimensions. More-
ver, to properly compare the strategies used in the OPUS and sPSO
lgorithms, the same type of surrogate model is used.

Another alternative RBF-assisted PSO method is an implemen-
ation of a variant of the metamodel-assisted PSO with Inexact
re-Evaluation (IPE) by Praveen and Duvigneau [22] that also uses
he same RBF surrogate in OPUS-RBF. This algorithm is referred to
s mPSO-IPE-RBF. The original implementations of this algorithm
n [22] use a Gaussian RBF model, but again, there are no publicly
vailable codes. In this study, the algorithm in [22] is implemented
sing the same cubic RBF model with a linear tail used by OPUS-RBF
o properly compare the two strategies. Moreover, the mPSO-IPE-
BF implementation in this study uses a global RBF metamodel in
he IPE phase instead of the local RBF metamodels in [22] because
t is simpler and previous work (e.g., [26]) showed little difference
n algorithm performance when using a global RBF model or a local
BF model constructed using only points in the vicinity of a point to
e estimated (as long as there is enough of these points). Moreover,
raveen and Duvigneau [22] found little difference in the perfor-
ance of the algorithm when varying the number of points used

o construct the local RBF metamodel. This is because global RBF
odels tend to produce good local fits so that there is little differ-

nce in RBF approximation at a point whether one uses the entire

lobal RBF model or only a local RBF model.

Surrogate-assisted methods (such as OPUS-RBF, sPSO-RBF,
PSO-IPE-RBF, ESGRBF) require a space-filling experimental

esign to fit the initial surrogate model. In this study, an affinely
nal Science 5 (2014) 12–23 17

independent Latin Hypercube Design (LHD) with d + 1 points is used
to initialize the surrogate-assisted methods. The initial population
of particles is chosen as a subset of the LHD with the best objec-
tive function values. If there are not enough LHD points to form the
initial population, it is augmented by uniform random points over
the search space. The LHD is not needed by standard PSO. However,
preliminary experiments on the test problems suggest that the per-
formance of PSO when initialized by uniform random points over
the search space is similar to its performance when initialized by
an LHD. To ensure fair comparison among the different methods,
all methods use the same LHD in a given trial. Hence, the standard
PSO implementation in this study is referred to as PSO-LHD.

In this study, the population size for OPUS-RBF, sPSO-RBF and
PSO-LHD is set to s = 20, which is a commonly used value (e.g.,
[13,29]). In some PSO implementations, the inertial weighting fac-
tor i(t) varies with the iterations from a high value (close to 1) to
a low value. Here, it is fixed at i(t) = 0.72984 and the cognition and
social parameters are set to � = � = 1.496172 as recommended in
[4]. The minimum and maximum values for the components of
the velocity vectors are set to − min

1≤i≤d
(bi − ai)/4 and min

1≤i≤d
(bi − ai)/4,

respectively. For OPUS-RBF, the number of trial positions for each
particle is r = 10d, the side length of the box for local refinement
is � = 0.1 min

1≤i≤d
(bi − ai), and the threshold distance for determining

when a point is too close to another is ı = 0.0005
√

d min
1≤i≤d

(bi − ai).

For mPSO-IPE-RBF, the population size is set to s = 120 of which
the best 10% of the particle positions in terms of metamodel value
are evaluated by the expensive function as was  done in [22]. The
global minimization of the RBF surrogates in OPUS-RBF and sPSO-
RBF are both carried out using a multistart implementation of the
Fmincon solver from the Matlab Optimization toolbox where the
gradients of the RBF model are supplied to the solver. In addition,
the maximum number of iterations is set so that the computational
budget for each problem is 500 objective function evaluations.

The parameters used for ESGRBF ([25,26]) are � = 8 parents and
� = 50 trial offspring in each generation where the best � = 20 of
the trial offspring become the actual offspring where the expen-
sive objective function is evaluated. As mentioned above, the initial
parent population is taken to be the best � points from an affinely
independent LHD of size d + 1.

6. Results and discussion

6.1. Performance and data profiles

The proposed OPUS-RBF method is evaluated and compared
with alternatives using performance and data profiles ([7,17]). Let
P be the set of problems where a given problem p corresponds
to a particular test problem and a particular starting point. In this
case, the starting point is the first point in the LHD used to initial-
ize all methods. Since there are 12 optimization problems (GWB36,
TownBrook14 and the 10 test problems) and 30 starting points (cor-
responding to the 30 trials), there are 12 × 30 = 360 problems for
the performance profiles. Moreover, let S be the set of solvers. Here,
there are 6 solvers (OPUS-RBF, sPSO-RBF, mPSO-IPE-RBF, PSO-LHD,
CMA-ES and ESGRBF). For any pair (p, s) of a problem p and a solver
s, the performance ratio is

rp,s = tp,s

min{tp,s : s ∈ S} ,
where tp,s is the number of function evaluations required to satisfy
the convergence test that is defined below. Clearly, rp,s ≥ 1 for any
p ∈ P and s ∈ S. Moreover, for a given problem p, the best solver s
for this problem attains rp,s = 1. Furthermore, by convention, rp,s =∞
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Table 2
Statistics on the best objective function values after 300 function evaluations of the test problems (taken over 30 trials).

Test problem Algorithm Best Median Worst Mean Standard error

Groundwater
bioremediation

OPUS-RBF 361.98 432.87 532.63 434.41 7.82
sPSO-RBF 504.56 587.31 823.97 599.13 13.46
mPSO-IPE-RBF 391.37 470.96 582.11 476.39 9.53
PSO-LHD 461.05 636.53 772.83 620.85 13.88
CMA-ES 410.52 597.28 789.25 596.95 16.39
ESGRBF 374.69 453.51 554.32 447.63 8.00

Town Brook

OPUS-RBF 631.33 703.62 826.62 712.82 10.11
sPSO-RBF 667.59 727.17 786.44 721.62 6.65
mPSO-IPE-RBF 661.37 711.64 933.05 736.83 12.00
PSO-LHD 645.88 744.94 874.71 741.95 9.13
CMA-ES 644.54 753.60 1122.86 769.78 16.81
ESGRBF 662.32 717.00 851.42 724.23 7.45

Ackley

OPUS-RBF -20.65 -19.89 -19.43 -19.90 0.05
sPSO-RBF −19.56 −18.99 −18.31 −18.96 0.07
mPSO-IPE-RBF −15.38 −12.88 −11.44 −12.93 0.15
PSO-LHD −12.86 −11.44 −10.02 −11.47 0.12
CMA-ES −12.06 −10.85 −8.97 −10.75 0.13
ESGRBF −13.01 −11.16 −9.27 −11.17 0.16

Rastrigin

OPUS-RBF -15.93 -6.82 2.09 -6.97 0.78
sPSO-RBF −11.91 −6.15 1.84 −5.70 0.68
mPSO-IPE-RBF 0.08 10.35 16.55 10.06 0.73
PSO-LHD 10.85 19.75 27.06 18.73 0.75
CMA-ES 9.86 22.52 38.87 22.58 1.46
ESGRBF 6.21 20.82 40.58 21.74 1.18

Griewank

OPUS-RBF 0.71 0.97 1.05 0.96 0.0136
sPSO-RBF 1.04 1.07 1.13 1.07 0.0041
mPSO-IPE-RBF 28.73 59.56 76.43 57.21 2.44
PSO-LHD 50.66 86.37 124.62 86.49 3.49
CMA-ES 67.16 103.31 165.94 105.50 4.00
ESGRBF 60.13 101.94 150.18 103.89 4.19

Keane

OPUS-RBF -0.32 -0.24 -0.18 -0.24 5.90 × 10−3

sPSO-RBF −0.24 −0.17 −0.13 −0.17 3.68 × 10−3

mPSO-IPE-RBF −0.20 −0.17 −0.14 −0.17 2.67 × 10−3

PSO-LHD −0.20 −0.17 −0.15 −0.17 2.38 ×10−3

CMA-ES −0.25 −0.19 −0.16 −0.19 3.40 × 10−3

ESGRBF −0.23 −0.19 −0.15 −0.19 3.74 × 10−3

Levy

OPUS-RBF -8.25 -3.91 0.12 -3.50 0.38
sPSO-RBF −7.55 −2.89 0.41 −3.24 0.36
mPSO-IPE-RBF 6.78 21.20 37.31 21.40 1.35
PSO-LHD 21.19 38.43 56.65 37.58 1.76
CMA-ES 28.39 54.83 119.60 57.93 3.67
ESGRBF 21.69 36.64 71.56 37.41 2.09

Michalewicz

OPUS-RBF -11.87 -9.53 −7.81 -9.51 0.16
sPSO-RBF −11.08 −9.30 −8.04 −9.38 0.13
mPSO-IPE-RBF −11.00 −8.90 −7.17 −8.92 0.18
PSO-LHD −10.85 −9.37 -8.42 −9.44 0.10
CMA-ES −10.08 −7.98 −5.97 −8.02 0.17
ESGRBF −9.72 −8.16 −6.65 −8.28 0.14

Extended
Rosenbrock

OPUS-RBF 25.28 37.28 61.15 39.43 1.71
sPSO-RBF 61.94 103.86 192.09 109.00 5.71
mPSO-IPE-RBF 65.84 123.76 369.36 132.11 10.48
PSO-LHD 93.81 164.82 308.71 173.99 8.85
CMA-ES 100.74 227.94 450.37 236.90 15.25
ESGRBF 145.98 287.30 469.46 281.97 14.12

Extended Powell
Singular

OPUS-RBF 21.30 71.70 152.36 75.21 6.04
sPSO-RBF 116.48 198.40 460.20 211.14 13.09
mPSO-IPE-RBF 110.40 259.73 427.10 259.19 14.99
PSO-LHD 145.27 335.74 635.99 338.18 23.46
CMA-ES 160.72 405.26 766.20 390.30 29.46
ESGRBF 239.93 439.87 824.03 438.70 27.69

Trigonometric

OPUS-RBF 2.74 6.91 14.65 7.66 0.61
sPSO-RBF 14.80 40.92 63.52 38.52 2.45
mPSO-IPE-RBF 181.92 445.86 932.84 499.58 34.84
PSO-LHD 453.70 1249.45 3474.96 1419.15 132.55
CMA-ES 169.63 845.65 3094.28 1045.73 125.51
ESGRBF 168.73 371.30 1031.57 414.15 35.65
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Table  2 (Continued)

Test problem Algorithm Best Median Worst Mean Standard error

Broyden Tridiagonal

OPUS-RBF 2.42 8.63 13.76 8.10 0.52
sPSO-RBF 4.73 8.74 16.32 9.59 0.65
mPSO-IPE-RBF 10.80 18.61 27.64 19.24 0.77
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in Table 2, the best value among the different methods is written
in boldface. The purpose of this table is to allow comparison with
algorithms developed by other researchers. Moreover, as suggested
in [6], Table 3 provides the results of Friedman’s nonparametric

Table 3
Non-parametric multiple comparisons between OPUS-RBF and other methods after
300  function evaluations for the test problems. The symbol + indicates that the mean
rank of OPUS-RBF is significantly better than that of the other algorithm, − indicates
that it is significantly worse, and 0 means the difference is not significant at the 5%
level.

Problem sPSO-RBF mPSO-
IPE-RBF

PSO-LHD CMA-ES ESGRBF

Groundwater
bioremediation

+ 0 + + 0

Town Brook 0 0 0 + 0
Ackley 0 + + + +
Rastrigin 0 + + + +
Griewank 0 + + + +
Keane + + + + +
Levy 0 + + + +
Michalewicz 0 + 0 + +
Extended Rosenbrock + + + + +
PSO-LHD 13.39 

CMA-ES 12.63 

ESGRBF 6.91 

henever solver s fails to yield a solution that satisfies the conver-
ence test.

Now, for any solver s ∈ S and for any  ̨ ≥ 1, the performance
rofile of s with respect to  ̨ is the fraction of problems where the
erformance ratio is at most  ̨ [7], i.e.,

s(˛) = 1
|P|
∣∣{p ∈ P : rp,s ≤ ˛}

∣∣ .
or any solver s ∈ S, the performance profile curve of s is the graph
f the performance profiles of s for a range of values of ˛.

In the context of derivative-free, expensive black-box opti-
ization, algorithms are compared given a fixed and relatively

imited number of function evaluations. Hence, the convergence
est proposed by Moré and Wild [17] uses a tolerance � > 0 and the

inimum function value fL obtained by any of the solvers on a par-
icular problem within a given number �f of function evaluations
nd it checks if a point x obtained by a solver satisfies

 (x(0)) − f (x)≥(1 − �)(f (x(0)) − fL),

here x(0) is a starting point corresponding to the problem under
onsideration. In the above expression, x is required to achieve a
eduction that is 1 − � times the best possible reduction f(x(0)) − fL.

Next, given a solver s ∈ S and  ̨ > 0, the data profile of a solver s
ith respect to  ̨ [17] is given by

s(˛) = 1
|P|

∣∣∣∣{p ∈ P :
tp,s

np + 1
≤ ˛

}∣∣∣∣ ,
here tp,s is the number of function evaluations required by solver

 to satisfy the convergence test on problem p and np is the number
f variables in problem p. For any solver s ∈ S, the data profile curve
f s is the graph of the data profiles of s for a range of values of ˛.
or a given solver s and any  ̨ > 0, ds(˛) is the fraction of problems
solved” (i.e., problems where the solver generated a point satisfy-
ng the convergence test) by s within ˛(np + 1) function evaluations
equivalent to  ̨ simplex gradient estimates [17]).

Fig. 1 shows the performance profiles and data profiles of the
arious solvers on the optimization problems in this study. In both
rofiles, it is very clear that OPUS-RBF is a dramatic improvement
ver PSO on the problems considered in this study. Moreover, both
rofiles also show that OPUS-RBF is better than the alternative
urrogate-assisted PSO algorithms (sPSO-RBF and mPSO-IPE-RBF)
nd the other alternative methods CMA-ES and ESGRBF on the
roblems considered. In particular, from the performance profile
urve for OPUS-RBF, the fraction of problems for which OPUS-RBF
s the best (given by the value of �OPUS-RBF(1)) is more than 50%

hile the corresponding fraction for sPSO-RBF is less than 40% and
he corresponding fractions for the other methods are all less than
0%. Also, from the data profiles, OPUS-RBF satisfied the conver-
ence test for more than 90% of the problems compared to less
han 60% for the other methods after the equivalent of about 15
implex gradient estimates.
.2. Explanation of additional numerical comparisons

Fig. 2 shows the plot of the mean of the best objective func-
ion value obtained by each algorithm on each problem as the
21.51 29.26 21.27 0.76
18.32 27.43 18.29 0.63
15.05 29.93 16.17 1.00

number of function evaluations increases. These plots are referred
to as average progress curves.  The error bars are 95% t confidence
intervals for the mean. That is, the length of each side of the error bar
is equal to 2.045 times the standard deviation of the best function
values divided by the square root of the number of trials. The factor
2.045 is the critical value corresponding to a 95% confidence level
for a t distribution with 29 degrees of freedom. Since all algorithms
start with the same set of initial points (an affinely independent
LHD) in each trial, all curves begin at the same height. As the num-
ber of function evaluations increase, the curves that go down faster
compared to the others are the better algorithms.

When function evaluations are computationally expensive,
average progress curves are also suitable for comparing the per-
formance of algorithms for several reasons. First, finding the global
minimum of a high-dimensional objective function given a very
limited computational budget is an unrealistic goal. Hence, com-
paring the number of function evaluations required to reach the
global minimum within some tolerance, as is typically done for evo-
lutionary and swarm algorithms, is not appropriate. Second, in the
computationally expensive setting, the total running time of each
algorithm is completely dominated by the time spent on function
evaluations and the emphasis of the comparisons is on how well an
algorithm performs given a very limited number of function eval-
uations. Imagine, for example, that each function evaluation of the
Ackley function takes about an hour. Then the average progress
curves give a good idea of where each algorithm stands after say
100 h or at other computational budgets.

In addition to the average progress curves, Table 2 provides
statistics (best, median, worst, mean and standard error of the
mean) for the best objective function value found by the algo-
rithms after a fixed number of function evaluations (300 function
evaluations in this study). For each problem and for each statistic
Extended Powell
Singular

+ + + + +

Trigonometric 0 + + + +
Broyden Tridiagonal 0 + + + +
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tatistical test for determining if the median of the best objective
alue (after 300 function evaluation) of at least one algorithm is
ignificantly different from that of the other algorithms for each
est problem. In Friedman’s test, the treatments are the different
lgorithms and the blocks are the different trials. Friedman’s test
s then followed by a multiple comparison procedure to determine

hether the mean rank of OPUS-RBF is significantly better than the
ean rank of an alternative method. In Table 3, the symbol + indi-

ates that the mean rank of OPUS-RBF is significantly better than
hat of the other algorithm, − indicates that it is significantly worse,
nd 0 means the difference is not significant at the 5% level. Fried-
an’s test and the multiple comparison procedure are performed

sing Matlab’s Statistics Toolbox.
Note that the objective functions used here are not really

omputationally expensive to evaluate. However, the relative per-
ormance of the algorithms on these test problems are expected
o be similar to their relative performance on truly expensive real-
orld objective functions with characteristics similar to the test

unctions. Besides, performing these comparisons on cheap test
roblems enables one to perform multiple trials and compare aver-
ge case performance.

.3. Discussion of the average progress curves and statistical
omparisons

The average progress curves in Fig. 2 clearly show that OPUS-RBF
s an improvement over a standard PSO implementation initial-
zed by an LHD, namely PSO-LHD, on 11 out of 12 problems (all
xcept Michalewicz). In particular, OPUS-RBF is better than PSO-
HD on the 36-D groundwater bioremediation problem (GWB36)
nd on the 14-D watershed calibration problem (TownBrook14). On
he Michalewicz problem, the performance of OPUS-RBF is close to
hat of PSO-LHD and it is slightly better than PSO-LHD after more
han 400 function evaluations. These results suggest that using RBF
urrogates as proposed in this paper generally improves the perfor-
ance of a standard PSO algorithm, and in the worst case, it does

ot seem to hurt performance.
Next, the average progress curves in Fig. 2 also show that OPUS-

BF is consistently much better than mPSO-IPE-RBF on all test
roblems, including the two environmental applications GWB36
nd TownBrook14. Moreover, OPUS-RBF is better than sPSO-RBF
n 9 of the 12 problems (all except Griewank, Levy and Trigono-

etric) and it has roughly the same performance as sPSO-RBF on

he remaining three problems. Recall that mPSO-IPE-RBF is an RBF-
ssisted PSO algorithm that uses the same strategy as one of the
ariants of the metamodel-assisted PSO algorithm by Praveen and
Number of Simplex Gradients κ [Function Evaluations/(d+1)]

ization methods on the test problems.

Duvigneau [22]. Moreover, sPSO-RBF is also an RBF-assisted PSO
algorithm that uses the same strategy as that used by the surrogate-
assisted PSO algorithm by Parno et al. [19]. This suggests that the
strategy used by OPUS-RBF is an improvement over the ones used
in two  previous surrogate-assisted PSO algorithms.

In addition, Fig. 2 shows that although PSO-LHD is not always
better than CMA-ES, OPUS-RBF is consistently better than CMA-ES
on all problems in this study, including the environmental applica-
tions. Moreover, OPUS-RBF is also much better than ESGRBF on all
12 problems. CMA-ES is a well-known method that has been shown
to work well on many problems. Also, ESGRBF is an evolution strat-
egy with RBF surrogates that is designed for expensive black-box
optimization and it has been shown to work well on TownBrook14
[26] and on a 12-D version of GWB36 [25].

The statistics on the best objective function value obtained by
the different algorithms after 300 function evaluations (shown
in Table 2) also show that OPUS-RBF is much better than the
alternatives. In particular, the best solutions for each of the 12 prob-
lems (including the environmental applications) after 300 function
evaluations were all obtained by OPUS-RBF. Moreover, the median
and mean of the best objective function values after 300 function
evaluations for OPUS-RBF is consistently better than those for the
other algorithms for all 12 problems. In addition, the results of
Friedman’s test in Table 3 show that the performance of OPUS-
RBF is statistically significantly better than the performance of
mPSO-IPE-RBF, PSO-LHD, CMA-ES and ESGRBF on most of the test
problems after 300 function evaluations. Also, OPUS-RBF has sig-
nificantly better performance than sPSO-RBF after 300 function
evaluations on four of the problems, including the groundwater
application, and it is at least as good as the other algorithms on the
other problems.

6.4. Summary of the numerical results and limitations of the
comparisons

The results of the performance and data profiles in Section 6.1
and the average progress curves and statistical comparisons in
Section 6.3 consistently indicate that OPUS-RBF is much better than
the alternative methods, including the two other RBF-assisted PSO
algorithms, on the problems in this study. However, this paper
does not really prove that the proposed OPUS-RBF is superior to
the alternative methods. For one thing, the results are limited to

two environmental applications and ten other test problems. These
results do not necessarily generalize to other applications or test
problems. Besides, it is widely believed that there is no universally
best algorithm. Moreover, although reasonable parameter settings
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re used for OPUS-RBF and the alternative methods, these settings
re probably not optimal for the problems in this study. One of the
oals of this paper is to demonstrate that the proposed OPUS-RBF
erforms better than or at least compares favorably with reason-
ble alternative methods on some important applications and on
n adequate collection of widely used test problems. The numerical
esults showed that this goal has been achieved. Hence, OPUS-RBF is
n excellent alternative for expensive black-box optimization that
s worthy of further consideration.

.5. Average running times

To get an idea of the overhead computation times of OPUS-RBF,
able 4 reports the mean running times on the 36-D groundwater

ioremediation problem (the highest dimensional problem in this
tudy) for 250 and 500 function evaluations, excluding the time
pent on function evaluations. As expected, the surrogate-assisted
lgorithms (OPUS-RBF, sPSO-RBF, mPSO-IPE-RBF and ESGRBF) have

able 4
ean running times of the different algorithms on the GWB36 problem (excluding

ime spent on function evaluations) on an Intel(R) Core(TM) i7 CPU 860 @ 2.8 GHz
esktop machine.

Algorithm After 250 function
evaluations

After 500 function
evaluations

OPUS-RBF 109.77 s (1.83 min) 507.96 s (8.47 min)
sPSO-RBF 120.48 s (2.01 min) 454.09 s (7.57 min)
mPSO-IPE-RBF 0.27 s 1.18 s
PSO-LHD 0.04 s 0.08 s
CMA-ES 0.23 s 0.58 s
ESGRBF 0.72 s 1.85 s
number of function evaluations

tinue).

longer average running times compared to PSO-LHD and CMA-ES
because of the extra time required to fit the RBF surrogates, screen
out trial solutions, or perform optimization on RBF surfaces. More-
over, among the surrogate-assisted algorithms, OPUS-RBF and
sPSO-RBF require longer computation times because these algo-
rithms solve a minimization problem on the RBF surface in every
iteration. However, the extra computation times are still relatively
small, and for computationally expensive problems, these running
times are negligible compared to the total time spent on all func-
tion evaluations. In addition, the overhead time for OPUS-RBF is
much smaller than those of other surrogate-based methods in the
literature. This is because the RBF model used here takes much less
time to fit compared to other surrogate models such as kriging,
which requires numerically solving a maximum likelihood estima-
tion problem.

7. Summary and conclusions

This paper introduced a new framework for a surrogate-assisted
PSO, called OPUS (Optimization by Particle swarm Using Surro-
gates), that is suitable for computationally expensive black-box
optimization. The strategy used by OPUS differs from the strate-
gies used by the few other surrogate-assisted PSO algorithms in the
literature and it is more suitable for high dimensional problems.
The basic strategy in OPUS is to consider multiple trial velocities
and multiple trial positions for each particle in each iteration. The
surrogate is then used to select the most promising trial position

for each particle (in terms of predicted objective function value)
and the particle then moves into that position. Then the algorithm
attempts to improve the current overall best position by finding
the global minimum of the surrogate within a box centered at that
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